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Abstract 
An embedding theorem for certain quasi-residual designs is proved and is used to construct a
series of symmetric designs with v = (1 + 16 + ... + 16")9 + 16 "+~, k =(1 + 16 + ... + 16m)9, 
and 2 = (1 + 16 + ... + 16m-~)9 + 16".3, for a non-negative integer m. 
1. Introduction 
We assume that the reader is familiar with the basic properties of balanced 
incomplete block designs or 2-designs (see, for example, [2] or [1]). We will write the 
parameters of a 2-design in the form (v, b, r, k, 2) or, if the design is symmetric, in the 
form (v, k, 2). Our purpose is to construct a series of symmetric designs with para- 
meters((1 + 16 + ... + 16m)9 + 16m÷1,(1 + 16 +- . .  + 16")9,(1 + 16 +- . .  + 16 ~-1) 
9 + 16 m. 3)) for m = 0, 1, 2 ..... These represent previously undecided parameter sets, 
except for the case m = 0. The construction is similar to many of the constructions in
the paper of Rajkundlia [3]; indeed, most of the components of the construction are 
the structures described in [3]. Thus we shall not give descriptions of these structures 
(which would more than double the length of this note), but instead we refer the reader 
to [3], whose notation and terminology we shall follow. In Section 2 we prove 
a theorem which shows that certain known quasi-residual designs are embeddable in
symmetric designs if a set of (rather strong) conditions holds. In Section 3 we show 
that this theorem yields the above series of symmetric designs. 
2. An embedding theorem for quasi-residual designs 
We recall from [3] the existence of the following structures. 
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(1) A Hadamard system H(n,n m) for m = 0, 1,2 .... whenever there exists a projec- 
tive plane of order n. We use this system in the form of an n m ÷ 2 x n m ÷ 2 matrix made up 
of an array (Pi~) where 
(i) P~ is an n x n permutation matrix; 
(ii) ~tPilPJt = nmJ, n i f /4 : j .  
(2) A cyclic balanced weighting system w(q m+ 1 _ 1)/(q - 1), (qn - l)/(q - 1); t) for 
any m and for any t dividing q - 1, whenever q is a prime power. We use this in the 
form of the incidence matrix of the corresponding GD design, as described in the 
Result 2.9 of [3]; in this form it is a matrix made up oft x t blocks each of which is zero 
or a permutation matrix. 
(3) If A = (a~) is any matrix then we denote by [A] TM the matrix obtained by 
replacing the ij entry of A by an n x t block all of whose entries equal a~. 
The following result is a special case of Construction 3.2 of [3]; it is also given in 
[4]. The details are important in what follows so we give the construction, in a form 
slightly different from that in [3], 
Theorem 1. Given a quasi-residual (v - k, v - 1, k, k - 2, 2) design ~ and the existence 
of  a projective plane of  order v -  k, there exists an infinite series of  quasi-residual 
designs with parameters ( (v -  k)m+l,(1 + (v - k) + ... + (v - k)m)(v - 1),(1 + 
(v - k) + ... + (v - k )m)k , (v  - k)m(k - 2),(1 + (v - k) + ..' + (v - k)m- 1)k + 
(v - k)m2) for  m = O, 1, 2 . . . . .  
Proof. Let A = Ao be an incidence matrix for ~ and let (P~) be a Hadamard 
system H(n, 1) where n = v -  k. Form the matrix B = (B~j) by setting Bij = PijA. 
Let C = [A] tv-k)×l. Then the second design in the series has incidence matrix 
A1 where 
AI = (n ,c ) .  
Inductively, let Am be the incidence matrix for the mth design in the series and let 
(Qo) be a Hadamard system H(n, nm). Let D = Di~ be defined by setting Dij = Q~jA and 
let E = [Am] tv-k> × 1. Then the next design in the series is given by the incidence matrix 
Am + 1 where 
Am+l = (D, E). [] 
Note. Henceforth we let A, Am and ~ have the same meaning as in Theorem 1. It is 
important to note that each Am can be written as a block matrix in which each row of 
each block is a row of A. This property can be established inductivley. 
Theorem 1 gives an infinite series of quasi-residual designs whenever there is given 
one with a prime-power number of points. This construction (or, more precisely, 
a generalised form of it) is exploited in [4] to construct many series of quasi-residual 
designs. The question of whether these are embeddable is dit~cult in general. We next 
describe a scheme for a possible embedding of these designs, if ~ is embeddable. 
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Let us suppose that ~ is embeddable, and suppose that {Ei} is a set of k x (v - 1) 
matrices uch that, for each i, D is an incidence matrix for a symmetric (v, k, 2) design 
where 
D=kOIA  ] " 
Here and in what follows j and 0 are, respectively, that all-one column vector and 
the all-zero column vector of the appropriate size. 
It is known that if there exists a projective plane of order n then there exists, for 
any integer m > 2, a symmetric design with parameters 'like those of a projective 
geometry',  i.e. the symmetric design ((n m+ 1 _ 1)/(n - 1),(n m - 1)/(n - 1),(n m- 1 _ 1)/ 
(n - 1)). (This result is, among other sources, implicitly given in [-3].) The comple- 
ment of this design has parameters (n m+l - 1 ) / (n -  1),nm, nm- l (n -  1)). Let G be 
an incidence matrix for one of these latter designs with n = v - k, and form a matrix 
F as a block matrix (Fgi) where F~j = Jk(v- 1) if gi~ = 0 and Fit = Eh, for some h, if 
gij : 1. 
Consider the following matrix: 
j F 
We wish to consider the possibility that M is an incidence matrix of a (V, K, A) 
design with V = (1 + (v - k) + ... + (v - k)m)k + (v - k) "+ 1, K = (1 + (v - k) + .-. + 
(v - k ) ' )k ,  and A = (1 + (v - k) + ... + (v - k)"-  1)k + (v - k)"2. 
It is readily verified that M has the following properties: 
(1) M is a Vx V matrix of zeros and ones. 
(2) Any row or column of M contains K ones. 
(3) Any row from the first K rows and any row from the last V - K rows have inner 
product A. This holds because A,, is made up of rows of A and the inner product of 
any row of A and any row of one of the El is 2, while the inner product of a row of all 
ones with a row of A is k. 
(4) The definition of F naturally splits the first K rows of M into groups of k rows 
each; then the inner product of two rows in the same group is A. 
Thus M is the incidence matrix of a symmetric design if, and only if, the inner 
product of two rows from different groups among the first K rows is A. This is 
equivalent o requiring that if i 4:j then 
~ FilFfl : (A - 1)Jkk. ( * )  
1 
In general ( * ) will not hold; for instance, it fails if {El} contains only one matrix. We 
will show that it holds if the following are possible: 
(a) if the design defined by G is cyclic t-signable for some t (cf. 1-3 p. 81]); 
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(b) {E,} = {Eo, El . . . . .  E,_,} where E, = EoQ' for a (v -  1)x (v -  1) permutation 
matrix Q of order t; 
(c) ,- 1 _ where (tA)/k. ~i=oE i  - -  /AJk(v_ 1) /A = 
For then we have a balanced weighting system W(n m - 1)/(n - 1), nm; t) in which 
each one in G is replaced by a power of some permutation matrix Q1 of order t. If in 
this system a given one is replaced by the ith power of Q1 then in the construction of 
F we replace the same one by El. Then in the expression ~ F,F~ we have 
(i) (1 + (v - k) + ... + (v - k) m-2) terms of the form Jk(v_l)J[(v_l) = (v -- l)Jkk, 
(ii) (V -- k) m- 1 terms of the form Jk(o- I~E~ = (k - 1)Jkk, 
(iii) (V -- k)m- 1 terms of the form EhJk(v-t 1) = (k -- 1)Jkk. 
The remaining terms are of the form ~Eo(QhQ-t)E~ =Eo(~(QhQ-~)E~ = H 
where the properties of the balanced weighting system imply that the expression 
in brackets is equal to n ' - l (n -1 ) / t  (~h=Ot-I Qh). Since E(7.h=oQt-1 h)= t-1 ~h=O 
Eh = PJk(v- 1~ we have H = (#n"-  l(n - 1)/t)Jk(~- l)Eto = (v -- k) m- l(k - ), - l) 
(k - 1)Jkk. Adding all these terms we find that 
~ Fi, F]l = (A - 1)Jkk 
1 
as required. 
All of this can be expressed in the following theorem. 
Theorem 2. Assume that the following exist: 
(1) a symmetric (v, k, 2) design g; 
(2) a projective plane of order v - k; 
(3) a cyclic balanced weighting system W(n re+l -  1) / (n -1 ) , (n  m-  1 ) / (n -  1);t) 
where n = v - k; 
(4) an incidence matrix A for a residual of 8, a kx (v -1 )  matrix Eo and 
a (v - 1)x(v - 1) permutation matrix Q of  order t, such that if El = EoQ i then 
(a) Di is an incidence matrix for 8 for i = O, 1 . . . . .  t - 1 where 
D '=\  O IA  / ' 
(b) Z l :~ Ei = PJk(v- l~ for # = (t2)/k. 
Then for every non-negative integer m there exists a symmetric ( V, K, A) design where 
V=( l+(v -k )+- . .+(v -k )m)k+(v -k )  re+l, K=( l+(v -k )+- - .+(v -k )m)k  
and A = (1 + (v - k) + ... + (v - k) m-  1)k + (v - k)m,~. 
3. The construction 
In this section we construct the series described in the introduction, using 
Theorem 2. Our starting point is a known (25, 9, 3) design which we define below. For 
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condition (4) of Theorem 2 we define A, Eo and Q as follows: 
A = 
111 000 111 000 111 000 000 00~ 
111 000 000 111 000 111 000 000 
000 111 111 000 000 111 000 000 
000 111 000 111 111 000 000 000 
100 001 100 001 100 001 111 000 
100 001 001 100 001 100 100 110 
001 100 100 001 001 100 010 101 
001 100 001 100 100 001 001 011 
010 100 010 100 010 100 111 000 
010 100 100 010 100 010 100 110 
100 010 010 100 100 010 010 101 
100 010 100 010 010 100 001 011 
001 010 001 010 001 010 111 000 
001 010 010 001 010 001 100 110 
010 001 001 010 010 001 010 101 
~10 001 010 001 001 010 001 011 
E 0 .= 
-111 111 000 000 000 000 100 001- 
000 000 111 111 000 000 100 001 
000 000 000 000 111 111 100 001 
100 100 001 001 010 010 010 010 
010 010 100 100 001 001 010 010 
001 001 OlO 010 100 100 010 010 
lO0 100 OlO 010 OO1 001 001 100 
010 010 001 001 100 100 001 100 
001 001 100 lO0 010 010 001 100 
We let Q be the permutation matrix of the following permutation: 
(1,7,13)(2,8,14)(3,9,15)(4,10,16)(5,11,17)(6,12,18)(19,20,21)(22,23,24). 
Conditions (a) and (b) are readily verified, where t = 3 and # = 1. Thus conditions 
(1) and (4) of Theorem 2 are met. Condition (2) holds since v - k = 16 is a prime 
power, and condition (3) follows from Theorem 5.8 of [3]. Thus we have proved the 
following theorem. 
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Theorem 3. I f  m is a non-negative integer then there exists a symmetric (V, K,A)  
design with 
V= (1 + 16 + ... + 16m)9 + 16 s+l ,  
K = (1 + 16 + ... + 16m)9, 
A = (1 + 16 + ... + 16m-1)9 + 16m'3. 
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